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 Quantiﬁed rebreathed air with high airborne infectious diseases transmission risk.
 We developed a mathematical model that predicts the risk of airborne infectious diseases.
 The model uses deposition fraction, particle survival and mortality rates but not quanta.
 The model works in multiple environments obeying infectious particles threshold level.
 The model matches individual and environment without limitations of uniformly mixed air.
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In this paper we develop and demonstrate a ﬂexible mathematical model that predicts the risk of
airborne infectious diseases, such as tuberculosis under steady state and non-steady state conditions by
monitoring exhaled air by infectors in a conﬁned space. In the development of this model, we used the
rebreathed air accumulation rate concept to directly determine the average volume fraction of exhaled
air in a given space. From a biological point of view, exhaled air by infectors contains airborne infectious
particles that cause airborne infectious diseases such as tuberculosis in conﬁned spaces. Since not all
infectious particles can reach the target infection site, we took into account that the infectious particles
that commence the infection are determined by respiratory deposition fraction, which is the probability
of each infectious particle reaching the target infection site of the respiratory tracts and causing
infection. Furthermore, we compute the quantity of carbon dioxide as a marker of exhaled air, which can
be inhaled in the room with high likelihood of causing airborne infectious disease given the presence of
infectors. We demonstrated mathematically and schematically the correlation between TB transmission
probability and airborne infectious particle generation rate, ventilation rate, average volume fraction of
exhaled air, TB prevalence and duration of exposure to infectors in a conﬁned space.
& 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction
Endemic airborne infectious diseases, such as tuberculosis (TB)
are transmitted in multiple congregate locations in the presence of
infectors and with a low per person ventilation rate (Wells, 1955;
Rudnick and Milton, 2003; Andrews et al., 2012; Richardson et al.,
2014; Gammaitoni and Nucci, 1997). A high concentration of indoor
rebreathed air by infectors is considered to be potentially harmful
since it may contain airborne infectious particles from infectors,
which could result in spread of airborne infectious diseases, such as
TB (Emmerich and Persily, 2001; Murray et al., 2011; Richardson
et al., 2014; Li et al., 2007). Carbon dioxide has been used as a
measure of indoor air quality based on the concept that people emit
carbon dioxide at a rate dependent on body mass and physical
activity and that indoor carbon dioxide levels are determined by
fresh air clearance (Emmerich and Persily, 2001; Persily, 1997). A
room with environmental carbon dioxide concentration has about
400 ppm, but as people occupy it, the concentration of exhaled air
starts to increase, depending on the ventilation rate per person,
room volume, and the number of people in the room (Emmerich and
Persily, 2001; Lygizos et al., 2013; Persily, 1997). This is because
people in the room contribute to the increase in rebreathed air
depending on their oxygen consumption, respiratory quotient and
physical activities (Emmerich and Persily, 2001; Persily, 1997). When
the concentration of exhaled air increases in the roomwith infectors
present, the probability of susceptible individuals acquiring airborne
infectious diseases also increases (Richardson et al., 2014). This is
because exhaled air from infectious individuals usually contains
airborne infectious particles within droplet nuclei that may remain
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airborne for prolonged periods and when inhaled may result in new
infection of a susceptible individual (Wells, 1955). The progression
from infection to TB disease depends on a number of different
factors, including the state of the host immune system, host
genetics, and the virulence of the infecting strain of Mycobacterium
tuberculosis (Mtb) (Wells, 1955; Rieder, 1999a,b).
Respiratory activities such as talking, coughing, sneezing and
singing could contribute to respiratory particle production (Loudon
and Roberts, 1967). When airborne infectious particles are inhaled
by a susceptible individual, only a fraction of the inhaled infectious
particles may successfully reach the target infection site in the
respiratory tract, as infectious particles with different sizes have
different deposition fractions in different anatomical regions of the
respiratory tract (Beggs et al., 2003; Sze To and Chao, 2010). For
example, infectious particles with a critical size range from 1 μm to
5 μm have a higher probability of reaching and depositing on the
alveolar region (Noakes and Sleigh, 2009; Rieder, 1999b) than those
with sizes 45 μm, which are trapped in the upper respiratory tract.
This implies that not all inhaled airborne infectious particles will
reach or be retained at the target infection site. Thus, when assessing
the risk of airborne infectious disease, the respiratory deposition
fraction of airborne infectious particles must be taken into con-
sideration. In this paper, we develop a ﬂexible mathematical model
that predicts the risk of airborne infectious diseases, such as TB
under non-steady state and steady state conditions by monitoring
exhaled air by infectors in a conﬁned space. We start by describing
the quantity of rebreathed air in an occupied room with the
presence of infectors, which is inhaled by susceptible individuals
with a high probability of acquiring airborne infectious diseases as
demonstrated in the following section.
2. Quantity of rebreathed air inhaled in the room required to
induce infection
Generally, elevated indoor carbon dioxide concentration is deter-
mined by the rate of exhaled air production and per person
ventilation (Emmerich and Persily, 2001; Murray et al., 2011;
Persily, 1997). As exhaled air from an infectious individual contains
airborne infectious particles, carbon dioxide levels may be used as a
surrogate for exhaled air (Emmerich and Persily, 2001; Richardson
et al., 2014; Li et al., 2007; Persily, 1997; Wood et al., 2014). Exhaled
air contains about 40,000 ppm of carbon dioxide compared with
almost 400 ppm of carbon dioxide in the environmental air
(Emmerich and Persily, 2001; Rudnick and Milton, 2003; Richardson
et al., 2014). We make an assumption that an indoor space, such as a
classroom of volume, V, starts the day with environmental carbon
dioxide concentration, CE, which is about 400 ppm and it becomes
occupied by a number of people, n. This implies that the level of
exhaled air concentration that might contain airborne infectious
particles given the presence of infectors will start to increase in the
room, depending on the ventilation rate, Q, and number of people in
the room. We assume that people in the roomwill contribute equally
to the generation of carbon dioxide as a marker of exhaled air. The
fundamental equation for exhaled air accumulation rate in the room
with environmental carbon dioxide, which then becomes occupied, is
equal to the rate of exhaled air generated by occupants plus environ-
mental carbon dioxide rate, minus exhaled air removed by ventilation
rate:
V
dC
dt
¼ npCaþQCEQC ð1Þ
where C is the indoor exhaled air concentration (ppm), p is the
breathing rate (L/s) for each person in the room and Ca is the carbon
dioxide fraction contained in breathed air.
To determine the quantity of exhaled air accumulated in the
room with respect to elapsed time, we arrange Eq. (1) and integrate
from CE (which is the environmental carbon dioxide in the room) to
CðtÞ (which is the total sampled exhaled air in the room) and elapsed
time from 0 to t as follows:Z CðtÞ
CE
dC
npCaþQCEQC
¼ 1
V
Z t
0
dt ð2Þ
After integrating Eq. (2) by application of integration rules, we
obtain the following equation:
ln
npCaþQCEQCðtÞ
npCa
 
¼ Qt
V
ð3Þ
Simplifying Eq. (3) further by applying logarithmic and exponential
rules, we obtain the mathematical model for sampled exhaled air
accumulated in a room that started with environmental carbon
dioxide, and then became occupied by a number of people:
CðtÞ ¼ CEþ
npCa
Q
1eðQT=VÞ
h i
ð4Þ
where t is the time spent in the room.
Note that Eq. (4) holds only under non-steady-state conditions.
However, as time, t, approaches inﬁnity, the concentration, CðtÞ,
approaches the steady-state value, C(s), and the time required to
reach steady-state depends on the value of outdoor air exchange
rate, Q=V , implying that the higher the value, the less the time
required to reach the steady-state and Eq. (4) becomes
CðsÞ ¼ CEþ
npCa
Q
ð5Þ
Eq. (5) demonstrates that as the ventilation rate decreases in the
buildings, the concentration of exhaled air that may contain airborne
infectious particles, given the presence of infectors, increases.
Eq. (4) is demonstrated in Fig. 1, which shows that when the
room becomes occupied the level of exhaled air increases as time
elapses in the space. An experiment was conducted in a room of
75 m3 while regulating the rate of ventilation from Q¼3 L/s to
Q¼4 L/s, and measuring the quantity of carbon dioxide as a
marker of rebreathed air. We noted that when the ventilation rate
decreases, the concentration of exhaled air increases depending on
the number of occupants and room ventilation rate.
We compute the total amount of exhaled air in the room,
demonstrated in Fig. 1, as follows: Let QABCDA ¼Q1 and QCDEFC ¼
Q2. The horizontal line indicates environmental carbon dioxide
(CE ¼ 400 ppm), which was assumed to be in the room before the
entrance of occupants. Taking the summation integral of ABCDA and
CDEFC, we obtain the total quantity of rebreathed air that was
inhaled by each person present in the room for 1 h when ventila-
tion rates were Q1 ¼ 3 L=s and Q2 ¼ 4 L=s, respectively. If T denotes
elapsed time, the quantity of rebreathed air, CðTÞ, which is generated
in the room can be computed by taking the summation integral
Fig. 1. The level of exhaled air in a room, which started a day with environmental
carbon dioxide, then became occupied by a number of people.
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from TA to TD and TD to TE (refer to Fig. 1) as follows:
CðTÞ ¼
Z TD
TA
CEþ
npCa
Q1
ð1eðQ1t=VÞÞ
 
dt
þ
Z TE
TD
CEþ
npCa
Q2
ð1eðQ2t=VÞÞ
 
dt ð6Þ
¼ CEðTDTAÞþ
npCaðTDTAÞ
Q1
þnpCaV
Q21
eðQ1TD=VÞ npCaV
Q21
eðQ1TA=VÞ
þCEðTETDÞþ
npCaðTETDÞ
Q2
þnpCaV
Q22
eðQ2TE=VÞ npCaV
Q22
eðQ2TD=VÞ ð7Þ
Simplifying Eq. (7) further, given that TA ¼ 0, we obtain an equation
for exhaled air accumulated in the room that started a day with
environmental carbon dioxide then became occupied:
CðTÞ ¼ TDCE 1þ
npCa
Q1
1 V
Q1TD
1eðQ1TD=VÞ
   
þðTETDÞCE 1þ
npCa
Q2
1 V
Q2ðTTTDÞ
eðQ2TD=VÞ eðQ2TE=VÞ
   
ð8Þ
where TD ¼ 30 min and TE ¼ 60 min as demonstrated in Fig. 1.
In our experiment we used CE ¼ 400 ppm, p¼0.12 L/s, n¼50,
Ca ¼ 0:04, and V¼75 m3. Substituting these values into Eq. (8), we
obtain the quantity of exhaled air accumulated in the room as
CðTÞ ¼ 50;211 ppm. If susceptible individuals become exposed in
an enclosed room with this quantity of exhaled air, they get
infected given the presence of infector(s). Infections have been
documented for human beings and animals at a minimum
quantity of carbon dioxide as a marker of exhaled air of about
10,000 ppm (Emmerich and Persily, 2001), implying that carbon
dioxide as a surrogate of indoor exhaled air is dangerous for
human health (Persily, 1997; Wood et al., 2014).
The quantity of air rebreathed from others has been estimated
in a variety of indoor congregate settings including households,
schools, and transport by use of a portable carbon dioxide monitor
with geo-positioning capacity. Rebreathed air volumes vary con-
siderably between individuals and locations and have been pro-
posed as a novel metric, which can identify social and
environmental factors associated with potential airborne trans-
mission risk (Richardson et al., 2014; Wood et al., 2014). We use
carbon dioxide concentrations in conﬁned spaces as a marker of
rebreathed air to directly compute the fraction of inhaled air that
has been exhaled previously by individuals in the space, called the
average volume fraction of exhaled air. Furthermore, we deter-
mine the average number and concentration of infectious particles
inhaled by susceptible individuals to induce infection. Carbon
dioxide is a very diffusible natural tracer gas, which can be easily
measured within an enclosed environment (Andrews et al., 2012;
Richardson et al., 2014; Wood et al., 2014). As mentioned earlier,
we assume that all occupants of the room contribute equally to the
elevated indoor carbon dioxide level as a maker of exhaled air, and
susceptible individuals become infected if inhale rebreathed air
from infectors, which contains airborne infectious particles. Using
the average volume fraction of exhaled air, respiratory deposition
fraction, breathing rate, ventilation rate, generation, mortality and
survival rates of airborne infectious particles by infectors, we
develop and obtain a ﬂexible mathematical model that predicts
the risk of airborne infectious diseases under non-steady state and
steady state conditions as demonstrated in the following section.
3. Model development
Though theWells–Rileymodel has been extensively used to analyse
outbreaks of infectious diseases, such as TB risk probability for
susceptible individuals to be infected if they become exposed to an
infectious individual in a conﬁned space (Beggs et al., 2003), it has
limitations, which impact on the prediction of infectious disease risks,
including steady state ventilation conditions and uniformly mixed
airspace. Wells (1955) postulated that 63.2% ð1e1Þ of a population
becomes infected when, on the average, each susceptible individual
inhales one quanta of contagion (Wells, 1955; Beggs et al., 2003). In
contrast to Wells's (1955) postulate, the overall infectivity of any
airborne infectious particle mostly depends on the immunological
state of the susceptible individuals as well as the virulence of the
infecting pathogen strains (Beggs et al., 2003). We cannot directly
measure and determine the exact number of infectious particles
present in any infectious disease outbreak. Airborne infectious particles
expelled by infectors are randomly distributed in air and any estimated
exposure level or intake dose would be an expected value rather than
an exact one. When susceptible individuals become exposed to the
airborne infectious particles, they may be infected or not, depending on
the infectivity of the infectious particles and the immune response of
the hosts (Sze To and Chao, 2010). The probability of acquiring
infectious disease becomes reasonably high when the inhaled infec-
tious particles reach or exceed a threshold level, which is the minimum
number and concentration of infectious particles required to reach the
target infection site of the host to commence the infection (Sze To and
Chao, 2010).
Gammaitoni–Nucci and Rudnick–Milton modiﬁed the Wells–
Riley model and developed equations which predict the risk
probability for exposed susceptible individuals to be infected
under non-steady state conditions. However, in their approach,
they used the same assumptions as those used in the derivation of
the Wells–Riley equation, for example, that droplet nuclei are
instantaneously and evenly distributed in the room (Rudnick and
Milton, 2003; Gammaitoni and Nucci, 1997), implying that the
airspace should be well mixed. Biologically, this assumption is not
plausible since, in reality, the room cannot contain uniformly
mixed air. This is because the concentration of airborne infectious
particles is higher closer to the infector than other parts of the
room, and is why when considering TB transmission, we take into
consideration the duration of exposure and proximity to the
infector. A susceptible individual closer to an infector becomes
infected in a short period of time than the far one.
Furthermore, since Wells (1955) ﬁrst used the word quanta, it
has caused some confusion to epidemiologists and the community
in general, in understanding TB transmission. This is because
infectious quantum hides many signiﬁcant parameters such as
particle size, deposition fraction, bacterial mortality and survival
which have been previously difﬁcult to measure, they may be
amenable to modern technological measurement. However, Gam-
maitoni–Nucci and Rudnick–Milton still used the same approach
(quanta) to modify the Wells–Riley model. In contrast to Wells–
Riley and the prior modiﬁed Well–Riley models, we use airborne
infectious particles in exhaled air from infectors to develop a
ﬂexible mathematical model that predicts the risk of airborne
infectious diseases, such as TB, at steady state and non-steady
state conditions. For a susceptible individual to be infected, the
number and concentration of airborne infectious particles inhaled
should attain the threshold level to dominate the immunological
state of the host, which is biologically plausible. This approach will
enhance understanding TB transmission scenarios in the commu-
nity and improve preventive measures for TB control.
In the development of this mathematical model, we made three
assumptions. First, ventilation rate should not necessarily be the same
for all susceptible individuals in a conﬁned space, second,
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accumulated exhaled air by infectors contains airborne infectious
particles, which cause airborne infectious disease in a conﬁned space,
and third, the probability of acquiring infection for each susceptible
individual in the space is independent. This is because the air in the
room cannot be uniform, and the concentration of airborne infectious
particles is higher close to the source (infector) than any other parts of
the room (Beggs et al., 2003; Sze To and Chao, 2010). As mentioned
earlier, exhaled air by infectors is the carrier of airborne infectious
particles that cause airborne infectious diseases (Emmerich and
Persily, 2001; Murray et al., 2011). Since we have the ability to
monitor carbon dioxide concentration as a marker of rebreathed air in
a room (Richardson et al., 2014; Wood et al., 2014), we use the
exhaled air generation rate concept to develop a ﬂexible mathema-
tical model that predicts the risk of TB transmission under all
conditions as follows: Let us consider the concentration of exhaled
air in a conﬁned space of volume V ðm3Þ, which contains n persons
and let carbon dioxide fraction contained in breathed air be Ca, while
the ventilation rate is Q (L/s), and indoor exhaled air concentration is
C (ppm). Note that airborne infectious particles are generated in the
accumulated exhaled air in conﬁned spaces given the presence of
infectious individuals. Hence, exhaled air accumulation rate in the
conﬁned space is equal to indoor exhaled air generation rate, npCa,
minus the rate of exhaled air removed by ventilation, QC, as
demonstrated in the following differential equation:
V
dC
dt
¼ npCaQC; nZ2 ð9Þ
where n is the total number of persons (infectors and susceptibles)
and p is the breathing rate (L/s).
From the exhaled air basic equation (Eq. (9)), we can determine
the average volume fraction of exhaled air in an enclosed space
either at non-steady state or steady-state conditions. Therefore,
we can obtain an equation that predicts the risk of airborne
infectious diseases, under all conditions by monitoring carbon
dioxide as a marker of rebreathed air in the given space.
Arranging Eq. (9) and assuming that exhaled air started to rise
from 0 to CðTÞ when persons entered the space and time spent is
counted from 0 to T, we obtain sampled exhaled air in the space at
non-steady-state conditions as demonstrated in the following
equation:Z CðTÞ
0
dC
npCaQC
¼ 1
V
Z T
0
dt ð10Þ
After integrating Eq. (10) by application of a substitution method
and simplifying it further by applying logarithmic and exponential
rules, we obtain the concentration of sampled exhaled air, CðTÞ, in the
given space, which is the difference between indoor exhaled air
concentration and outdoor exhaled air concentration (rebreathed air
removed by ventilation) divided by the ventilation rate:
CðTÞ ¼
npCa
Q
1eðQT=VÞ
h i
ð11Þ
where T is the elapsed time in the given space.
Taking into account that the volume fraction of exhaled air, f, is
given by the sampled exhaled air concentration ðCðTÞÞ in the space
divided by carbon dioxide fraction in breathed air ðCaÞ, we get
f ¼ CðTÞ
Ca
¼ np
Q
1eðQT=VÞ
h i
ð12Þ
The average volume fraction of exhaled air, f , is the integral of the
volume fraction of exhaled air (Eq. (12)) per elapsed time with
respect to time from 0 to T:
f ¼ 1
T
Z T
0
np
Q
1eðQT=VÞ
h i
dT
¼ 1
T
Z T
0
np
Q
dT1
T
Z T
0
np
Q
eðQT=VÞdT
¼ 1
T
npT
Q
þnpV
Q2
eðQT=VÞ
 T
0
ð13Þ
Thus,
f ¼ 1
T
npT
Q
þnpV
Q2
eðQT=VÞ npV
Q2
 
ð14Þ
We obtain the average volume fraction of exhaled air under non-
steady-state conditions by further simplifying Eq. (14), and if
Q=V-1 or T-1, Eq. (14) adopts steady-state conditions. Hence,
we obtain the average volume fraction of exhaled air, f ð0o f o1Þ
under non-steady-state and steady-state conditions:
f ¼
np
Q
1 V
QT
1eðQT=VÞ 	  if non steady state
np
Q
if steady state
8><
>: ð15Þ
As discussed earlier, the likelihood of airborne infectious particles
released by infectors causing infection for susceptible individuals is
extremely high if they reach the target infection site of the host at a
threshold level (Sze To and Chao, 2010). However, some infectious
particles can be trapped in the upper respiratory tract or be reﬂected
to other parts of the body, where the probability of causing infection
is almost negligible. Let β be the total airborne infectious particles
generation rate released by an infector (particles/s) and μ be the
mortality rate of generated airborne infectious particles by the
infector that do not reach the alveolar (particles/s). Hence, the
survival rate of airborne infectious particles released by the infector
that reach the target infection site of the susceptible individual to
cause infection at threshold level is ðβμÞ particles/s as demon-
strated in Fig. 2.
The average concentration of airborne infectious particles, N ,
that cause infection, is equal to the average volume fraction of
rebreathed air by infectors ðIf =nÞ, multiplied by the average
concentration of airborne infectious particles released by infectors
in the space that reach the target infection site of the respiratory
tract ððβμÞ=pÞ:
N ¼ If ðβμÞ
np
; IZ1 and ðβμÞZ1 ð16Þ
where I denotes the number of infectors in the space.
Thus, the average concentration of airborne infectious particles
that cause TB infection under non-steady-state and steady-state
conditions is obtained by substituting f from Eq. (15) into Eq. (16):
N ¼
IðβμÞ
Q
1 V
QT
1eðQT=VÞ 	  if non steady state
IðβμÞ
Q
if steady state
8>><
>>:
ð17Þ
Since not all infectious particles can reach and deposit at the
alveolar, let θ be a respiratory deposition fraction of airborne
infectious particles that successfully reach and deposit at the target
infection site of the host. Hence, the average number of airborne
infectious particles, λ, breathed by a susceptible individual that
causes infection, is equal to the product of the volume of breathed
Fig. 2. Movement of airborne infectious particles.
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air by susceptibles ðptÞ, respiratory deposition fraction of airborne
infectious particles, θ ð0oθo1Þ, and the average concentration of
airborne infectious particles ðN Þ released by infectors:
λ ¼ ptθN ; t40 ð18Þ
where t is the time spent in the space up to the point of infection.
Substituting N from Eq. (17) into Eq. (18), we obtain an
expected average number of airborne infectious particles inhaled
by a susceptible individual that reach the target infection site of
the host to cause TB infection at a threshold level under non-
steady-state and steady-state conditions:
λ ¼
IðβμÞθpt
Q
1 V
QT
1eðQT=VÞ 	  if non steady state
IðβμÞθpt
Q
if steady state
8>><
>>:
ð19Þ
Computing an expected average number of airborne infectious
particles in Eq. (19), the percentage of airborne infectious particles,
γ, that cause airborne infectious diseases in exhaled air can be
estimated as
γ ¼ λ
CT
 100 ð20Þ
where CT is the sampled exhaled air in the given space (refer to
Eq. (11)).
Considering Wells (1955) assumed that TB transmission follows
a Poisson distribution (Wells, 1955; Rudnick and Milton, 2003), we
express TB transmission probability as
PðTrtjI;Q ;V ; p;θ;μ;βÞ ¼ 1eλ ð21Þ
where PðTrtjI;Q ;V ; p;θ;μ;βÞ denotes the probability of TB trans-
mission risk for susceptible individuals and Trt are the random
variables representing infection risk for susceptible individuals up
to the time spent in the conﬁned space given the presence of an
infectious environment in the space.
Substituting λ from Eq. (19) into Eq. (21), we obtain an equation
that predicts the risk probability of TB transmission under non-
steady state and steady state conditions:
PðTrtjI;Q ;V ; p;θ;μ;βÞ
¼ 1e
ð ðððIβμÞθpt=Q Þ½1ðV=QTÞð1 e ðQT=VÞÞÞÞ if non steady state
1eððIðβμÞθptÞ=Q Þ if steady state
(
ð22Þ
Eq. (22) predicts the risk of airborne infectious disease by
introducing very important parameters, including particle produc-
tion, survival, mortality rates and successful deposition fraction at
the site of infection. The model is applicable in multiple infective
environmental conditions obeying the boundary condition of
threshold level of infectious particles to induce infection.
Taking Eq. (15) into consideration, dividing by n both sides, and
substituting f =n into Eq. (22), we obtain an equation that predicts
the risk probability of TB transmission under non-steady state and
steady state conditions in terms of the average volume fraction of
exhaled air:
PðTrtjI;n; f ;θ;μ;βÞ ¼ 1eððIðβμÞθf tÞ=nÞ ð23Þ
where PðTrtjI;n; f ;θ;μ;βÞ denotes the probability of TB transmis-
sion risk for susceptibles.
Hence, Eq. (23) predicts the risk of airborne infectious disease
transmission, such as TB, under non-steady state and steady state
conditions. In our approach we monitored the rebreathed air
concentration by infectors in the room and used the exhaled air
accumulation rate concept to directly compute the average volume
fraction of exhaled air. An exponential term of this equation is
equal to the average number of airborne infectious particles
inhaled by each susceptible individual in the space to induce
infection and not quanta. Additionally, for a susceptible individual
to be infected, this number should reach or exceed the threshold
level depending on the virulence of the infecting pathogen strains
and host immune response. We believe that this approach pro-
vides a better and more ﬂexible mathematical model for epide-
miologists and the whole community in understanding infectious
disease transmission risks.
3.1. Number of new TB cases
From Eq. (23), the prevalence, Λ, of infectious individuals in a
given population can be expressed as the ratio of the number of
infectors to the total number of individuals (i.e., Λ¼ I=n). Hence, in
terms of prevalence, we obtain the general equation that can be
used to predict the risk probability for TB transmission under all
conditions as:
PðTrtjΛ; f ;θ;μ;βÞ ¼ 1eðβμÞθf tΛ ð24Þ
Thus, we can determine the number of new TB cases, NC, in terms
of the prevalence in the given community, which is the product of
the probability of acquiring TB (refer to Eq. (24)) and the number
of susceptible individuals, S ðSZ1Þ:
NC ¼ S 1eðβμÞθf tΛ
h i
ð25Þ
In contrast to quanta, the exact number of inhaled airborne infectious
particles required to cause an infectious disease outbreak is unknown,
but a susceptible individual becomes infected if survival airborne
infectious particles in exhaled air by infectors attain a threshold level
to dominate the host immunological state. Additionally, the respiratory
deposition fraction of airborne infectious particles on the host alveolar
is an expected value and not an exact one. Thus, the mathematical
model developed in this paper is unique that reﬂect to real life in the
community by matching both individuals and environment without
limitations of one quanta of contagion and well mixed air. Model
applications in different factors and conditions attributable to TB
transmission are demonstrated in Simulation results.
3.2. Simulation results
In Fig. 3a (numerical simulation of Eq. (23)), the horizontal dotted
line denotes the absence of infectors ðI¼ 0Þ and the other lines denote
the presence of infectors (I¼1, I¼2 and I¼4) in the given space. This
ﬁgure shows that TB transmission probability becomes high in the
given space as the number of airborne infectious particles generated
by infectors increases with increasing number of infectors. Further-
more, a numerical simulation of Eq. (22) under all conditions, is
illustrated in Fig. 3b, with increasing duration of exposure from t¼0 to
t¼100 h, in different ventilation air change per hour (ACH) of 1 ACH,
3 ACH, 8 ACH and 12 ACH. From this ﬁgure, we noted that when
ventilation rate in the given space decreases and duration of exposure
to infectors increases, the probability of acquiring TB infection
becomes extremely high. The numerical simulation of Eq. (15) is
demonstrated in Fig. 3c, which shows that the average volume fraction
of exhaled air increases with increasing number of occupants (n), and
decreases with increasing ventilation rate in the given space. Fig. 3d
(numerical simulation of Eq. (22) under non-steady state condition)
shows that as the room volume and ventilation rate increases, TB
transmission probability decreases. This implies that if ventilation can
be improved in the buildings, the accumulation rate of airborne
infectious particles released by infectors can be reduced in the
community and airborne infectious diseases, such as TB can also be
reduced (Gao et al., 2009; Li et al., 2007; Persily, 1997). On the other
hand, the concentration of airborne infectious particles released by
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infectors in the room increases with decreasing room volume and
ventilation rate. The graphical illustration of Eq. (23) in Fig. 3e shows
that TB transmission probability increases in the given space as the
average volume fraction of exhaled air increases with increasing
number of occupants whereas some of them are infectious individuals.
Furthermore, Eq. (24) is demonstrated graphically in Fig. 3f, which
indicates that when TB prevalence becomes high in the community,
TB transmission probability that is attributed to the increasing number
of airborne infectious particles becomes extremely high.
4. Discussion and conclusions
In all conditions (steady-state and non-steady-state), we developed
and demonstrated a ﬂexible mathematical model that predicts the risk
of infectious disease transmission by using carbon dioxide as a marker
of exhaled air in the room. Furthermore, we explored the application of
the model in different factors and conditions, which are attributed to
the likelihood of TB transmission risks (refer to Fig. 3). As steady state
conditions are rarely reached in many indoor social encounters where
room volume is large and ventilation is low, the transmission of
airborne infectious diseases may mostly occur under non-steady-
state conditions (Richardson et al., 2014) (refer to Fig. 3d). We therefore
modelled transmission risks under non-steady-state conditions since it
better reﬂects the real world schematically and mathematically as
discussed in this paper. We demonstrated that through either normal
breathing or talking, exhaled air by infectors contains airborne infec-
tious particles, which cause airborne infectious disease in conﬁned
spaces. The risk of TB transmission probability increases dramatically as
the number of infectors and airborne infectious particles increase in the
given space (refer to Fig. 3a). In contrast to quanta, a successful
infection ensues when one or more virulent organisms reach the
target infection site at a threshold level and are able to overcome the
immunological defences of the new host.
Fig. 3. Model simulation and demonstration of tuberculosis transmission probability and its attributable factors. (a) TB transmission probability attributed to the increasing
number of infectious particles and number of infectors (I) in the space. (b) TB transmission probability increases with increasing duration of exposure to infectors and
decreasing ventilation air change per hour (ACH). (c) Average volume fraction of exhaled air increases with increasing number of occupants and decreases with increasing
per person ventilation rate. (d) TB transmission probability decreases with increasing per person ventilation rate and room volume (non-steady state condition of Eq. (22)).
(e) TB transmission probability increases with increasing average volume fraction of exhaled air and number of occupants. (f) TB transmission probability increases with
increasing TB prevalence and number of airborne infectious particles.
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Fig. 1 and its corresponding calculated value of carbon dioxide as
a marker of exhaled air indicate that, when persons enter a conﬁned
space and contribute equally to rebreathed air then each person
inhales signiﬁcant quantities of exhaled air, some of which is derived
from an infective source. When the concentration of exhaled air, as a
carrier of airborne infectious particles becomes very high in the
room with the presence of infectors, the probability of acquiring
airborne infectious diseases such as TB increases. When these
infectious particles are inhaled by susceptible individuals and
successfully reach a threshold level at the target infection site of
the hosts, they cause TB infection. According to an experiment
demonstrated in Fig. 1, it was noted that when ventilation rate was
4 L/s, carbon dioxide levels approached a steady state level after
approximately 90 min, but when the ventilation rate was 3 L/s, the
levels of carbon dioxide were higher and did not approach steady
state levels. This implies that when the ventilation rate is very low,
for example 1 L/s, infectious diseases transmission risks increase
rapidly with average volume fraction of exhaled air and increasing
room occupants (refer to Fig. 3e). As acquisition of TB may occur in
multiple indoor sites, accumulated average volume fractions of
exhaled air and residency times may allow quantiﬁcation of the
socialization patterns that have been recognized as key to the
transmission dynamics of tuberculosis (Rieder, 1999a).
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